1. RECTANGULAR COORDINATES

(x,y,z) where x;=x,x=y,x3= z x4=x, etc
1.1 Differential Operators
L PNGL JNGL v o 0D
d= + + =Y X =
¥ *ox y@y ‘oz Ve ;X’ X;
0A, 04, 04 2, 04,
A=——+— 2 A=), —
v ox 0Oy Oz or V z‘ X;
04, 04 04, o4 04, o4 S [04,, 04,
XA= LAy | — || = —— VxA=) ¥, :
v (ay 62) y(a ax) z( dx ay) o S\ ox,, 0x,,)
04,
VXxA= Z]; X g where €, =1 for even permutations , -1 for odd, and 0 otherwise
ij
3 2
VZCI)—a <I>+8 d2)+8 (Iz) or Vzd)zz 0 qz)
ox> 98y’ 0z i-1 0X;

2. CYLINDRICAL COORDINATES
(p , 0, Z) = (radius, azimuth, height)
2.1 Relation to Rectangular Coordinates:

_[2, 2
X=pcoso _\/x Ty X
=psin ¢ sinq>=\/%, COSs p=—=——=_ tanp=>
z=z Xty Xty X
zZ=Zz
2.2 Unit Vectors: 2.3 Integral Elements
T S SR B dl=d pp+pd ¢§+dz2
p=cospX+sin¢§ Vit x4y’ dap=pdq)dfp
¢=—sinpX+cos¢¥y YRS S SR S da,=dpdz$
izi x2+y2 \/x2+y2 daz=pdpd¢2
5=% dV=pdpdod:z
R . N A X A y A
f(:COS(I)p—SIIl(])(I) X= 2 2 2 24)
§=sin pp-+cos ¢ \/x;-y \/x;-y A
2= §= b
\/x2+y2 \/x2+y2
=1
2.4 Differential Operators
A 0D A16<D 6(1) 1 0 1 04, O0A
V(I) +¢— A=——"1(p4 1Y% z
op q) ¢ CER VA p@p(p ) 0¢p 0Oz
16A 04, ~|04 0A.| .1| o 0A4 2 1 0| 0D 16(1) 6<I>
XA= + —|+zi—|—(p4,)——=|, =——|p=
v l g0 oz | %3z a0 |5 ap(p o) 20 pop\"ap) 0 a9’ 07
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3. SPHERICAL COORDINATES
(l’ ,0, (1)) = (radius, polar angle, azimuthal angle)

3.1 Relation to Rectangular Coordinates:
r= \/ X+ y2 +z°

x=rsinfOcos ¢ . x4y — z \/x2+y2
) ) sinf=, ——2— , cosb= , tanf=——"——
y=rsin0sin ¢ iz’ VX' +y 42 z
z=rcos0 . ¥ X
sing=—— | cos p=——=— | tan p=2
\/x +y x +y X
3.2 Unit Vectors:
r= [x&+y§+zZ]

f=sinOcos ¢ X+sinOsin ¢ §+cosO 2z R
0= cosOcos pX+cosOsingpy—sin6Z 0=

ZX A z ~ A
X+ 4 y— x2+yzz

2 2 2 2 2 2 2
d=—sinpX+cos¢§ Vx ty +z Vx +y Vx +y
IN 1 A A
¢=\/ 3 2[_yx+xY]
X +y
A X A Xz 1 A y A
. . A .o X_\/z 221’-}—\/2 22\/2 26_\/2 2¢
= sm@cosq)rJrcosﬂcosq)B sin¢ ¢ Xty +z Xy +zvx 1+y X +y
y=s 1n881nq>r+005651nq)6+cosq)¢ 9= Y P+ yz 0+——o
2=cosBf—sin06 \/x2+y2+22 \/xz+y2+z2 \/szry2 \/szry2
2 2
2= %f'_\/ zx +2y ;9
\/x +y +z x+y +z
3.3 Integral Elements
dl=drt+rd00+rsin6d ¢
da,=r’sin0d0doF, da,=rsin0drd ¢@, da,=rdrd 0
dV=r’sin0drd 0d ¢
3.4 Differential Operators
AO0DP Al 0D 1 0d
=t +0-"+%
v or r 00 rsinf 0¢
1 0 1 0 1 04,
VA= _28_( r>+r51 666(Sln8A) rsin® ¢
< 1 |0 04y | sl 1 94, 10 ~1] 0 04
X A= 04 21+6 Ay) |+ o= =—=(rdy)——=
v rrsinGl@G(sm o= aq)l lrsin@ S0 ror A5 )5

1 & 1 0 oD 1 &
Vdo==—=(rdo)+ ——|sin® +
ro (r@) r*sin@ 06 00 | +*sin’0 0 ®°
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4. VECTOR IDENTITIES

AXB=|A|B|sin0fi A-B=|A||B|cos6
AxXB=%(4,B.—A.B )+9(4.B,—A4,B)+i(4,B ~A4,B) A-B=4 B +A4,B +A.B.
3 3
AXB:;ﬁi(Ai+1Bi+2_Ai+2Bi+l) :Z
~ 3
AXBzijZk:xieijkAjBk :Z:
A«(BXC)=B:(CxA)=C-(AXB) AX(BXC)=B(A-C)-C(A-B)
il et (=
x—x| x—x' x—x| x—x|
%A ! =—4nd(x—x") V> 1 v 1
Ix—x'| Ix—x| Ix—x|
VxV®=0 V-(VxA)=0
V(A-B)=(A-V)B+(B-V)A+AX(VXB)+BXx(V xA) Viyo)=oVy+yVo
V:(AxB)=B:(VxA)-A:(VxB) V(PA)=AV d+dV-A
Vx(AxB)=A(V-B)-B(V-A)+(B-V)A-(A-V)B Vx(VxA)=V(V-A)-V’A
[, VAdx=[ A-da [ (VxA)da=§_A-d1
[, (@V¥-9V0)d'x=[ (VY -¥VD)da
5. ORTHOGONAL FUNCTIONS (i, n, and [ are integers)
5.1 Orthogonality Statements
a 2n
fcos(znmx) (2an)dx:£6mn [ cos(m x)cos(nx)dx=ns,,
0 a 2 0
a 7 7 21
fsm( erx). ( an)dx=£6mn fsin(mx)sin(nx)dx=n6mn
0 a 2 0
a 21 A
feIZT[ m— nx/adx Clé J'et(mfn)xdxzznamn
0 0
T i(k—k)x ;. R I i(x—x")k _ !
fe dx=2nd(k—k") fe dk=2nd(x—x")
1 T 2
__2 P, P i =—=3,,
:[IP”( x)P,(x)d= 2l+16” ! ;(cosB) P,(cos0)sin0d 0 21+16”
ij(x)Pm(x)dx— 2 (H_m)/f) T}[Y* (0,0)Y,,(0,0)sin0d 0d p=0
) I / _21+1 (l_m)/ n o I'm' ¢ (0 o= m mm'
@ 2 h ' 1 '
prV(xv,,R)Jv(x )dp="7[=fv+1<x 2., [ e k) 1, e ds= ol k)
0
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5.2 Legendre Polvnomials

Py(x)=1. P,(x)=x. Pz(x)zgf—%, p3<x):§x3—§x, P(x)
P,(—x):(—l)lP,(x) ) P1(1>:1
(1+1)P,.\(x)=(21+1)x P,(x)+1 P,_ (x)=0, Pl(x)zril%

5.3 Associated Legendre Functions

P)(x)=P/(x), Pi=—V1-x*, P)(x)=—3xV1-x*, P;=3-3x>, P

5.4 Spherical Harmonics
Yz,—m:(_l)my*zm
21+1 (l—m)’ m im¢
Y (6,0)= P 0
(0.0)= 2L prcoste
Yoo:; Yio= icos@ Y= i(?»cosze—l
Van " Van *Vlén
Y11=—\/isin6ei"’ Y21=—\/£sinﬁcosﬂei“’
8 81

Yzzquﬁ sin’0e’*

5.5 Bessel Functions

(x)=-
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[PHI(X)_PIA(X)]

3

5(5)62—1)\/?362

7 3
= — -
Y3 16T[(SCos 0 3c0s8)

Y31:—\/%sin 0(5cos’6—1)e"*

Y= %sin2 BcosOe?
Y33:_\/3—58in3eei3¢

641t

Jo(0)=1, J,(0)=0 for n#0, N,(0)=—c0, J,'(x)==J,(x), J_,(x)=(=1)"J,(x)
J =220 (¥)=d () T, (6)=5 s (33T ()
fo Jdx=xJ,(x) _[J1( (x)

o 1 f 1
fe o bx)dx= g {cos ax)Jo(bx)a’x——\/cﬁfb2 ifa>b
]jJn dxz% for n>—1 J”(Z)_zrlu' 2: (zeos0+n6) 7
e Noul5)={- 1N (1)
H,(x)=J,(x)+iN,(x) H(x)=J,(x)=iN,(x)
1,(x)=i"J,(ix) K, (x)=Zi"" 7 (ix)

2
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6. COMPLEX NUMBERS

Dr. Baird, UMass Lowell 74

All expressions with Arg(z) have an implicit additive factor 2mm where m = 0,1,2...

™" =(—1)" where m=0,1,2...
z=R(z)+i3(z)
z*=R(z)—i3(z)

_z+z*®
~(\_ z—2z%
=

lz|=vVzz*

Arg (z)zsin_l(

3(2))

||

ezﬁ_efiﬁ
sinf= -
21
e'—e "
sinh x=
2

sinh ™' z=In(z+vz*+1)

sin”' Z:—iln(iz+\/1—22)

sin(i z)=isinh (z)

sin”'(iz)=isinh™'(z)

inml2 __
Z:|Z| eiArg(z)

Z*:|Z|e—iArg(z)

R(z)=l|z|cos(Arg(z))

3(z)=|z|sin(4rg(z))

=R (z) P +(3(2)f

z
R(z

Arg(z)=cos™' ))
E
i0 —i0
e +e
0=
cos 2
x+efx
hx=%
cosh x >

cosh™' z=In(z+Vz’—1)

cos 'z==*iln(z+Vz'—1)

cos(iz)=cosh(z)

cos '(z)==icosh™'(z)

Z"=|z["[cos(n Arg(z))+isin(n Arg(z))]

-1
V=7

In(z)=In(|z|)+i 4rg(z)

2R (z)

11—z

tan_l(z)z[%tan_1

~ ~ 1
\5<Zl)\5(zz):5m [_ Z) 2zt z, *Zz]

~ 2
4 1+23(z)+|z]

[\/|Z|+ﬂ?(z)+sgn(3(z))i\/|z|—9?(z)]

1-23(z)+]2

=i" where m=0,1,2...

i0 . e
e'"'=cos0+isin0O

RN(z)
elﬁ_efiﬂ
tan9=—i ,
ete+e719
tanh x=ex_e_Y
e +te’
tanh_lzzlln 142
2 11—z
tan 'z=-~1In l__Z
2 i+z

tan (i z)=itanh (z)

tan” ' (iz)=itanh~'(z)
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7. TRIGONOMETRY IDENTITIES

sin( 4+ B)=sin 4 cos B+ cos Asin B
2

sin A-B
2

s1nAsmB—1[cos(A B)—cos(A+B)]

sin 4 +sin B=2sin( A+

A+B
2

sin A —sin B=2cos

sin(24)=2sin Acos 4
24

sin(24)= ZSII’IA\/I—SII’I A

sin 2A =2cos AV1—cos’

i
.

A 1 cosA +if A/2 in quad. T or II
2
sin(—0)=—sin0
T
—~=+06|=cosH
> ) cos

sin 6+n)=—s1n8
sinh(—0)=—sinh 0
cos’ A+sin” 4=1

—1 . -1
cos x+sin x=m/2

tan A*+tan B
1+tan Atan B

(A) 1—cos 4
tan| = |=————

tan (4 +B)=

2 sin 4
tan (2 A)z%
l1—tan" 4
tan A— sin 4

cos 4

-if 4/2 in quad. III or IV

cos(A+ B)=cos Acos BFsin Asin B

A+B (A—B)
oS 2

2

cos Acos B=%[cos(A—B)+cos(A+B)]

cos A+cosB=2cos

cosA—cosB=—2sin(A+

2 A)=cos’ A—sin’ 4
2A4)=2cos’ A—1
24)=

(

(

(
COS( 4 ):i \/m + 'ifA/2 ‘in quad. I or IV
2 2 - if A/2 in quad. IT or III

(

cosh(—0)=cosh 0
cosh’ A—sinh’ 4=1
cosh™ (1/x)=1/cosh™" x

_ _ _ +
tan ' g+tan ' b=tan 1(la__b )

Fab
tan A _ sin A
2 14+cos 4
tan(2A) cos AV1—cos’
cos’ A— 1/2
sinh A4
tanh A=
an cosh 4
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8. OTHER SPECIAL FUNCTIONS

8.1 Logarithm and Exponentiation
ln(ab>=1na+1nb 1n(a/b)=lna—lnb ln(ab):blna elna:a

(ap)(aq>:ap+q (ap)/<aq):ap—q a’=1/a’ (ap)q:apq

8.2 Gamma Function and Factorials

r(0)=w, T(1/2)=Vr, T(1)=1, T(2)=1, T(n+1)=nT(n)
['(n)=(n—1)! if n is a positive integer

n!=1X2X3X..Xn where 0/=1

n!!=n(n=2)(n—4).. where 0!//=(—1)//=1

8.3 Dirac Delta
d(x—a)=0 if x#a

J r(x)8(x—a)dx=f(a)

6(xz—a2)=ﬁ(6(x+a)+6(x—a))

5 _ )
(f(x)) Zl: Kd_?? where x; are the pOintS wheref(x) =0
ax J,—,

8(cos0—cos0')=8(0—0")/sin0 for0<0<mx

8 (x—x")=8(u—u")d(v=v")8(w—w')U V' W where the length elements are (du/U, dv/V, dw/W)

Oyt (X=X ") =8(x—x")0(y—y")0(z~2")

6sphere(x—x')=(6<r—r'))(5(6‘9'))(6(¢—<|>'))

r rsin0

6cyl<x—x'>=(a<p—p'>)(M)<a<z—zv>)

Y
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9. EXPANSIONS

9.1 Tayvlor Series General Form

f(X)=f(a)+(x—a)[% +%(x_a)2[(22_x];

X=a xX=a

of 1 0 0
a)+zi:(xi_ai)[a—)(:i X_a+§§(xi—ai)(xj—aj)[a—xia—xjf x:a+---
9.2 Special Taylor Series
sinx= Z i Ccosx= 3 (—1)" X tanx=x+lx3+ix5+...
2n+1) ~ (2n)! 37 15
Zn_l //x2n+l . _7[ 0 (21’1_1)// 2n+1 . B 0 ) x2n+l
sin" x= Z (2n //2n+1) €08 77 ,;(2 ) 1(2n+1) tan (x)_,;( ey
0 2n+1 0 xZn ¢ h 1 3+ 5+
inhx=) ———=— h anhx=x——x"+—x
sinh¥=2, 1T =2 P
o 0 n2n—1)././x2"“ 0 21’1—1) . 0 x2n+1
h™'x= -1 ( cosh™ x=In(2x) —————"— tanh =
S ,,;)( >(2n)!/(2n+1) ;(2;1)//2“ anh”(x) Z;znﬂ
N _ N n+1x ) S X_n
; 7 n(1+x) —; In(1-x) nZ::l "
1 <& X __N 1 [(1+x|_ <
= X = X — =
1—x Zo x—1 Zo PR g ,,2:102n+1
—1)"ix" J1+x=1+lx—lx2+... 1/\/1+x=1—lx+§x2+...
1 — 27 8 28

9.3 Unit Point Potential Expansions
1 1

x=xT (x=x Py =y P (2= 2]

(Cartesian coordinates)
1 _ 1
x=x'| ;24 52=2 7' (cos OcosO'+sin Osin0' cos(p—¢ "))

1 1
x— X| Vo2 4p?—2pp'cos(p—¢')+(z—z')

(Spherical coordinates)

(Cylindrical coordinates)

!
®

w 1
#:47[2 > L’ Y,,(0',0")Y,,(6,0) (Spherical coordinates series)
= r

|x—1x'| 2% > f dkei"l(“’*‘P')cos[k(z—z')]lm(kp<)K

ulkp.) (Cylindrical coordinates series)

m=—ow ()
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n+1

fx"dx=x
n+1
1 1 1 x
dv="tan "' X
J i (a)

R

f 1 dx=—cos ' X
Va'—x* a
2
f \/az—x2dx=%xVa2—x2+% Sinl(i)

a
fe“dxze
a

: cos(ax)

fsm(ax)dx=—
a
fxsin(ax>dx:sm(gzx)_xcos(ax)
a a
fsinh(ax)dlecosh(ax)
a

I R

sin (a x) atan (a x)
[—— =L

Slnh a tanh (a X)
f =—lln(cos(ax))

a

fx"e_”xdxz—r(]z:l)
0
i(u")znu"*ld—u
dx dx

isin u=cosu d_u
dx dx

4 sinhu=coshu du

dx dx

i sin 'u= _1 du
V1I—u 2 dx

i sinh ' u= du

V1+u’ dx

Dr. Baird, UMass Lowell 74

10. INTEGRALS

f%dxzmx

f 21 > :——tanh (

Q=

a —Xx

|

[ —L— gv=sinn'| £
Va' +x° a

1 _
fmdx=cosh
f\/a +x dx—%x\/x +d +7s1nh (a)

fxe”xdxzeax (x—l

a a
sin(a x)
fcos (ax)dx=
a
cos(ax) xsin(ax)
[ xcos(ax)dx="5"+
a a
_[cosh(ax)dlesinh(ax)
a
f%dletan(ax)
cos (ax) a
1 1
ffdx=—tanh(ax)
cosh’(a x) a
ftanh(ax)dxziln(cosh(ax))
Tewf: Ed
0 4a
11. DERIVATIVES
d 2 1n 1 dl/l i u_eud_u
dx T udx dx dx
—Cosu=—sinu— itanu— L du
dx dx dx cos”u dx
d du d 1  du
—cosh hu— —tanhu= —
 coshu= sin o 4, lanhu couhl d
icos u————1 du itanlu— L du
dx \/1—u2 dx dx 1442 dx
d du -1 1 du
—cosh ™ u=— —tanh u= —
dxcos . w/u— dx dx am o 11—y dx






