1. Orthogonal Functions and Expansions

- In the interval (a, b) of the variable x, a set of real or complex functions U,(x) where
n=1,2, ... are orthogonal if:

b
[U,*(x)U,(x)dx=0, m#n

a

- When m = n, the integral is nonzero. The functions are orthonormal if normalized to one:

b

f U,*(x)U, (x)dx=$§,,

n
a

- An arbitrary, integrable function f{x) can be expanded in a series of the orthonormal functions
U,(x) according to:

f(x)=;anUn(x)

- To find the expansion coefficients a,, we multiply both sides by the function U"(x), integrate,
and use the orthonormality property:

f<x)U;(x)=;an U,(x)U,(x)

N b
f (x)=z a,U, (x) where anzf f(x)U,(x)dx Finite Series Expansion
n=1 a




- If the functions form a complete set, and all functions that are useful in physics do, then the
series expansion becomes a more accurate representation of the function f{x) as more terms in
the series are kept. The most accurate is the infinite series:

© b
= Z a,U,(x) where an=f f(x) U: (x)dx Infinite Series Expansion
n=1 a

- If the interval (a, b) is expanded to be infinite, than the orthogonal functions become a
continuum of functions, the index variable » becomes a continuous variable &, and the
orthogonality condition becomes normalized to the Dirac delta function:

0

[ U*(x)U, (x)dx=5(k—k')

o0 o0

f(x)=f A(k)U, (x)dk where A(k)= f f(x)U:(x)dx Infinite Continuous Expansion

— 00 —00

2. Fourier Series
- The most commonly used orthogonal functions are sines and cosines, constituting Fourier
series.
- Start with a general expansion in terms of sines and cosines over the interval (-a/2, a/2):

ZA cos(k,x)+ B,sin(k,x)

- In order for the series to be a valid representation of the function in the interval, the series
must be periodic outside the interval, so that f{-a/2) = f(a/2). Using this requirement leads to:

i (cos(k,(—al2))—cos(k,al2))+B,(sin(k, (—al2)—sin(k,al2)))=

- This must be true independent of 4, and B,, so that the coefficients must be zero:
sin(k,(—al2))—sin(k, al2)=
sin(k,al2)=0 — k,al2=nm

2Ttn
a

k =

n

The series now becomes:

N 2Ttnx
=2 4,c0s
n=0 a

a

+anin(2ﬂnx)
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To find the coefficients, multiply both sides by COS( Wiibs ) where m is an integer and integrate

over the interval (-a/2, a/2):
al2

al2 P o ) 7
f dxf(x)cos( Trmx):ZAn f cos( TTmx)cos( LRLE:
a a a

—al2 n=0 —al2

al2 o) 2
dx+B, f cos( Trmx)sin( me)dx

—al2 a a

- The first integral on the right is zero, except when m = n due to orthogonality, and the second
integral is always zero.

al2 al2

f dxf(x)cos(z%ﬁ)zAm f cosz(%)dx

—al2 —al?2

- Use integration by parts to solve the integral on the right and finally after relabeling:

) al2 2
A,== f f(x)cos( me)dx
a a

—al2

mx

(2 . :
- The same approach is repeated, multiplying both sides by s1n( T )and integrating:

al2
B,=2 | f(x)sin(z“a”x)dx

a —al2

- In summary, any function on the interval (-a/2, a/2) can be expanded in a Fourier series:

f<x>=iAncos(2“a”"

n=0

2nnx)

+anin(
a

) al2 ) ) al2 )
where A4,=— f f(x)cos( nanx)dx and B, ,=— f f(x)sin( T[anx)a’x

—al2 —al2

- A more useful form of the Fourier series is in terms of complex exponentials:

al2
1

1 S i(2nnxla . ,
f(X)Zﬁn;w A,,e(z fa) where A,,:E_.Lf(xv)e z(2nnx/a)dx,

- Because the summation index now spans negative infinity to positive infinity instead of just
zero to positive infinity, both terms € and e™ have been combined into one term. Sometimes
it is more useful to leaves the terms separate.

- If the interval becomes infinite (a — ), the series becomes an integral of a continuum of
functions. There is now no restriction on k,, so it is just &:

0

fx)=] Alk)e'™ ak

— 00



- Multiply both sides by ¢ **'* and integrate:

if(ﬂe”*w=jfumsz“a“dum

- Using the orthogonality of complex exponentials: f e =27 S(k—k')

. 1 . )
- More often, the constant 4, is redefined to N A, to make the equations symmetric:
I

h ikx 1 T wikx
f(x):ﬁf A(k)ek dk where A(k)zﬁj f(X)e k dx Fourier]ntegral

3. Separation of Variables: Laplace Equation in Rectangular Coordinates
- Often a differential equation can be broken into a set of independent equations.
- The Laplace equation \/*® =0 is used when a charge-free region is bounded by a boundary
where the potential is known. In rectangular coordinates:

2 2 2
O’e, 0D, P _

0
ox> 0y’ oz

~—

- Try a solution of the form: ®(x, y,z)=X (x)Y (y)Z(z

()2 ()8 (1) 2() T

- Divide each side by X (x) Y (y)Z(z

~—

1 &I’X(x), 1 d’Y(y) 1 d°Z(z)
X(x) ax* Y() dy* Z(z) a7

- Total derivatives have replaced partial derivatives because the functions are of only one
variable.

- This equation must hold for all possible values of the independent coordinates, therefore the
terms must be independent. Each can be set to an arbitrary constant:

| d*X(x)_ 1 dY(y)_ o L d*Z(z)_ . P
—— =—B" =Y where o+p°=
X(x) dx? Y(y) dy’ Z(z) 47 b=y

- Simplify the equations:



d*Z(z)

=y’Z(z)

- And find the solutions:
X(x):Aeiax_l_Beﬂ'(xx , Y(y):Ceiﬁy_I_De*iBy , Z(Z)ZFe)’Z_l_Ge*YZ

X(x)=A+Bx if a=0 Y(y)=C+Dy if p=0 , Z(z)=F+Gz if y=0

- The particular solution for non-zero constants is:

®(x,y,2)=X(x)Y(y)Z(z)

D(x,y,2)=(Ad.5e' "+ Boge ) Cope™ + Dype ) (Fype’*+Goge ™) ifaz0and f#0
- The particular solutions for when the constants may be zero are:

q)(x’ Y,z ):(AO[}+BO[3X>(C0[3€ +D0[5€_i|5y)<F0|3 eBZ+ Goﬁe_ﬁz) ifa=0 andﬁ# 0
D(x,y,z)=(A,0e" " +Be  “NCoo+Dyoy)(Fupe® +G e ) ifa#0and =0
D(x, y, ):(Aoo+Boox><C00+Dooy)(Fy=0+Gooz) ifao=0and =0

- The general solution is the sum of all possible particular solutions:

)C v, Z Z Z alseiax_i_Baﬁefiax)(C(xﬁei[’)y_i_Duﬁefi[’)y)(Faﬁeyz_i_GaBefyz)
a#0 B0
32 (Agp+Bogx )(Cope™ +Dyye™ ™) (Fype +Gype™)
0
+Z l(X’( (xoefi(xx)(cao_}_DQQy)(Faoetxz+GaO e*(xz)
a#0

+(A00+ BOOX)(C00+D00y)(F00+GOOZ)

- This is the most general solution possible. Most geometries are simple enough that most of
these terms drop out.

- Let us now discuss differential equations in general.

- A derivative equation such as %= 2 only specifies the solution up to an arbitrary constant. In
this case y = 2x + C. We must have an additional piece of information, a boundary condition, to
specify a unique solution to the derivative equation. In this case, if we know y(1) =4, then we
find the unique solution to be y = 2x + 2.

- A differential equation is just a combination of derivatives and functions.

- For every derivative in a differential equation, the solution will have one integration constant,
and there must be one boundary condition to specify it.

- The Laplace equation in three-dimensions has a second-order derivative (which is really just a
derivative applied twice) in each dimension, for a total of six derivatives. This means that for a
particular solution, there will be six constants, and we need six boundary conditions to specify
these constants. The six boundary conditions are just the value of the potential on the six sides
of the box containing the volume of interest.

- Looking at the most common particular solution to Laplace's equation in three-dimensional



rectangular coordinates, it would seem that we have more than six constants:
<I)(x, ¥, Z):(Aaﬁemx_i_BQﬁé#ax)(CaBeiﬁy_*_Daﬁefi[sy)(FaﬁeyZ_'_GaBefyz)

- But in reality, many of the constants can be combined and also v is a function of the others
constants:

D(x,y,2)= A, (¢ " + B ye ) (e + Dyye ™) (e LG e )

af
- It is a good practice when approaching a problem to write down the number of constants,
identify them, and write a// of the boundary conditions.

4. Example of Rectangular Boundary Conditions for Charge-Free Regions
- Consider for simplicity a box with one corner at the z
origin and the opposite corner at the point (a, b, ¢) in
the (x, y, z) dimensions, where the potential is c

everywhere zero on the surface of the box except at
the z = ¢ surface where: -

®(x,y,z=c)=sin (M)sin(ﬂ)
a b

- The other five boundary conditions are the five b

other sides of the box held at zero. / \
- A careful analysis leads us to see that all the zero- y

potential sides force all particular solutions to

disappear except the most common ones:

(x,y,2) Z z aﬁemx+Bqﬁeﬂ'”)(Caﬁei'3y+Daﬁef"ﬁy)(Faﬁeyz-i-Gaﬁe*yz)

a#0 B#0
- Now we apply all boundary conditions one by one:

®(x=0,y,z)=0

0= z Z a3+BaB (1|Se[ﬁy+D(1|Se_[ﬁy)(Faﬂeyz-'_G(xﬁe_yZ)

a#0 p#0

- This is only true for all y and z if 4,3+ B,; =0, or B,z=—4,; .
- The solution is now:

x Y, Z ZzAaﬁ e 7””)(Caﬁeiﬁy"‘Da[&eiiﬁy)(Fa[seyz+G<x[3€7yz)

o #0 B0

(x,y,2) ZZAaBsm ox Caﬁei5y+Daﬁe_iﬁy)(FaﬁeyZ+GaBe_yz)

0 #0 B0

- Next apply the boundary condition ® (x=a,y,z)=0:



O:Z Z AaﬁSin(aa)(ca[’)eiﬁy—i—Daﬁe_iﬁy)(Fa[3eyZ+G<x[%e_yz)

a#0 p#0

- This is only true for all y and z if xa=n1 where n=0,1,2,... so that the solution becomes:

(x,y,2) Z Z Anﬁsm( )(C}7Beiﬁy+Dnﬁe_'ﬁy)(Fnﬁeyz-l-Gnﬁe_yz)

n#0 B0

- The exact same process occurs in the y dimension, yielding:

o(x,y, )= 3 4 sm(

n#0 m#0

)' (mgy)(ane”+Gnme_w) where n,m=0,1,2,...

- With a and £ determined, y has been determined:

2

y=Vo'+pS - y= +2 T y=mtvn’la’+m’l

2

- Next apply the boundary condition @ (x, y,z=0)=0:

0=>.>4, s1n(

n#0 m#0

)' (mgy)(anJrG,,m) and thus G ,,=—F,,. , yielding:

n#0 m#0

oz, y.)=Y Y 4 sm(

)sin(any)sinh(n\/nz/az—i- mzlbzz)

- Apply the last boundary condition: ®(x, y, z=c)=sin (%)sin (%)

i s[5 | 5 s 5 i 21

n#0 m#0

- The only term of the series expansion that is needed to represent the left side of the equality is
the n =1, m = 1 term, reducing the equation to:

1=4, sinh(n\1/a+1/b¢)

which uniquely determines the final coefficient:

1

sinh (Tl' Vl/a2+l/b20)

- The final solution to this example is:

A1,1:



sin(n—x)sin(n—by)sinh(rt\/1/a2+1/bzz)
a
sinh(m/l/az-i-l/bzc)

O(x,y,z)=

y
- We can make the case more general by supplying the arbitrary boundary condition:
®(x,y, z=c)=V(x,y)

- Then the previous analysis still follows, except now the last boundary condition requires:

= Y 4 (“) -n('"ffy)smh(nmc)

n#0 m#0 a b

- The boundary value function ¥ is being expanded in a Fourier series with coefficients:

A sinh(n\/nzla2+m2/b20)

nm

- As was done with the general Fourier series, we solve for the coefficients by multiplying both
sides by sines of x and y and integrating, so that the orthogonality picks out coefficients:

a b
Anmsinh(Jt\/nzlaermz/bzc):ibf dx [ dyV(x,y)sin(nnx)sin(mny)
aby a

b

(x, y)sin(m[x)sin(mny)
a b

o%a-

4
A =
. absinh(n\/nzlaz—l-mzlbzc)‘o[

- So that the general solution is:

o(x,y.2)=3 3 4, sm(

n#0 m#0

)sin(m;y )sinh(n\/n2/a2+ mzlbzz)

ol

= 4 )fdxfdyl/ X, y)sm(

where 4, - >
absmh(m/n |d+m’Ib’c




S. The Laplace Equation in Polar Coordinates
- If the boundary conditions of a charge-free region exhibit uniformity in one dimension and a
circular shape in the other two dimensions symmetry, it is much more natural mathematically to
use polar coordinates rather than rectangular coordinates.
- If the boundary conditions are uniform in the z-dimension, the three-dimensional cylindrical-
coordinates problem reduces to a two-dimensional polar-coordinates problem.
- Just like was done for rectangular coordinates, separation of variables and Fourier series can
be used to solve the Laplace equation in polar coordinates.
- The two-dimensional Laplace equation in polar coordinates is given by:

Vid=0 - =0

pl o’

2
111( 6©)+lsa<b

E@p pfi—p

- We use the separation of variables approach by trying a solution of the form:

®(p,d)=R(p)¥ (db)

- Substituting it in:

+R(p%%azy(¢) 0

kapli(paRm)

op op p° 0
b2
- Multiply by W and bring one term to the right:
Li( aR(p)):_ 10" (¢)
R(p)op\" 0p Y(d) o’

- The two terms are separately functions of two independent variables and must hold for all
values of the two independent variables, so they must be related by a constant, which we call v°.

1 0°Y ()
Y(d) o’

_Jl_il( OR(p)

)=v2 and vi=—
R(p) 0p op

- Put each in an instructive form:

0 [ OR(p))\_ - OY(P)__ . »
pap(p 20 )—V R(p) and Pyt ¥ ()

- The general solution for v#0 is now apparent:
R(p)=a,p’+b,p" and Y (p)=4,e"*+B,e
- So that the general solution to the Laplace equation in polar coordinates for v #0 is:

®(p,p)=R(p)¥ ()



d(p, cl))zz (anVJr b, p_v)(Aveivcb+3ve_ml>

v

- If v=0, the differential equations become:

0 [ OR(p)|_ oY () _
Pap(D—ap )—0 and Py 0

with the general solutions for v=0 :
R(p)=a,+b,np and A4,+B,d

- So that, finally, the most general solution becomes:

®(p, ¢)=(ag+boInp)(Ag+ Bog)+ X (a,p"+b,p ) A, *+ B e

v#0

- The coefficients are now determined by applying boundary conditions and recognizing the
result as a Fourier series expansion.

- Because the z dimension is uniform and is therefore ignored, we have solved a second-order
differential in two dimensions, so there should be four total integration constants and four
boundary conditions. If we take the most common particular solution and combine constants,
we find this to be the case:

®,(p, d)=a,(p +b,p " )[e” "+ B e

- Note that v is only an integer if the region of interest where we are trying to solve for the
potential includes all possible azimuthal angles, or in other words if there is no physical
boundary condition at some fixed azimuthal angle. Otherwise, v is not an integer. This means
that the requirement that the potential be single-valued, O(p,¢)=P(p,p+27),is only valid if
the full sweep of possible azimuthal angles is included in the region of interest.

6. The Laplace Equation with z-Uniform Cylindrical-Shell Boundaries
- Consider a cylindrical shell of radius p, with a potential 7
of V() on the shell. We are seeking the potential inside the shell. A
- Because the region of interest involves the full sweep
of ¢, to keep ¢ single-valued we must require:

®(p,0)=P(p, p+27) “p,

- This condition is not true for geometries for which the region
where a valid potential is required does not span all possible >\
values of ¢.

-In this geometry, the single-valued requirement leads to:

(ag+bylnp)(A,+Byd)+ Z (aV pV+bvp)7V)(z<lve"Vd°+BV e v

v,v#0



=(ay+boInp)(Ag+By(p+21))+ D, (avpv+bvp_V)(AVeiV<¢+2")+Bve_”(¢+2")

v, v#0
- Because the variables are independent, every term in the series must match, leading to:
B,=0

as well as:

eV =¢"'*"2™ which is only possible if v=m where m is an integer: m=0,1,2,...

- The solution now becomes:
®(p, b)=a,+blnp+. (a,p"+b,p ")(4,e" +B,e "
m=1

- Because the region of interest includes the origin, the potential must be finite at the origin.
Thus b,, = 0 and b, = 0, to keep those terms from blowing up at the origin. This reduces the
solution to:

_ m imd —imd . .
= z p (Ame +B,e where the ao term has now been included in the sum.

- The index m can be made to run from negative infinity to positive infinity, thus covering both
terms:

z A plml imd

m=—aoo

- Now apply the boundary condition: ® (p=p, $)=V ()

Z A4 p|m| imd

m=—oo

- Multiply both side by a complex exponential, integrate, and use the orthogonality of
exponentials to find:

m=—oo

®(p, )= 2. A4,0"e™" where Aﬁzl—npo'”’*f V(p)e " d ¢

- Or, written in a more intuitive form:

Il

-3 4

m=—o0

L1 e where ——fV e " g ¢
0

- Although this example only considered one cylindrical shell, the same approach is used to
solve for boundary conditions on multiple cylindrical shells.



7. The Laplace Equation with Intersecting Planes
- Next consider two planes that intersect, one on the x-axis, the
other plane at an angle f from the first plane, and both uniform
in the z dimension, with boundary conditions: (p, (0)

<

D(p,b=0)=V , P(p,d=B)=V , P(p=p,d)=V,(d)

- This is also applicable to the edge of a more complex problem, IB

where the charges and other surfaces are far enough away that » X
they only come into play in that they create the boundary

condition at p,, thus the Laplace equation still applies.

- As before, inclusion of the origin in the region of interest

leads to b,= 0, including by= 0:

(p, d)=Agt Bobt 2, p'(d, e *+B,e )

v, v#0
- Apply the boundary condition ® (p, $=0)=V

V:A0+ Z pV (AV+BV)

v,v#0

- Which is only possible if 4=V, A,=— B, so that the solution now becomes:

®(p, )=V +B,p+ Y, B,p'sin(ve)

v, v#0
- Apply the boundary condition ® (p, p=p)=V":

V=V+B,B+ Y. B,p'sin(vp)

v, v#0

0=B,B+ Y, B, p'sin(vp)

v,v#0

- This must be valid for all p, requiring B,=0 and v=m 1t/ where m=0,1,2,... , yielding:

<I>(p,c|>)=V+i Bmpm"/Bsin(mTrd)/B)

m=1

- Note that v is not equal to an integer in this case, but is equal to v=m 1t/ B because we have
physical boundaries at certain azimuthal angles.
- Apply the final boundary condition, which is typically dependent on the charge far away:

q)(p:p(),d)):Vl(CI))

V1(¢)=V+i Bmp(')""/ﬁsin(mnd)/ﬁ)

m=1



-V = Z B, pi™"sin (m ¢/ B)

m=0

- Multiply both sides by sin (n 1t ¢/B) and integrate both sides from 0 to j:

B
fdcb(Vl(cb) V)sin(nmtp/B)= ZB m"lﬁfdcbsm (mmp/B)sin(nmdp/p)

0

- Due to orthogonality, the integral on the right is always zero, except when m = n:

B

[ ad(V,(d)—V)sin(nmdp/B)=B, "“/decbsm (nTed/B)

0

- The integral on the right evaluates to B/2 :

2 —ntt/B

B
B,=50,"" [ d(V,(6)=V)sin(nTc$/B)
0

- The final solution then takes the form:

m=0

© B
®(p,¢)=V+2 B,p""sin(mno/p) Bm:%pg"’“’ﬁfd¢(V1(¢)—V)sin(mn¢/ﬁ)
0

- Let us get a sense of the general behavior of the potential near the edge. In the series
expansion, we keep only the fist non-zero term, m = 1:

@(p,0)=V+B,p" sin(n¢/p) near p=0

- The electric field, E=—V @ | is calculated in polar coordinates:

E:—l ai-i-q)—— [V+Blp sm(mp/[&)]
—B, 5o

E=—1p (p51n(7[q)/[5)+(])008(75¢/|3))

p

- The surface charge densities at ¢=0 and ¢= are:

o(p)=[eEn] . — olp)=¢,E(p,d=0)d

€NB, 5

o(p)=— ;



/2 1o
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Numerical Plots of surface charge densities for various angles, higher densities in darker blue.

8. Finite Element Analysis

- Often the Poisson equation cannot be solved analytically. Instead we must solve the problem

numerically. Finite Element Analysis is one useful numerical method.

- This approach has three foundational ideas:
1. Expand the electric potential's solution into a series sum over a set of simple
orthogonal functions @; so that we can calculate the derivatives of the known functions
instead of the unknown electric potential. Note that this is a simple one-dimensional set
of functions, but that it spans two or three-dimensional space.
2. Set up the problem so that it becomes a linear algebra problem, because computers
can calculate this type of problem relatively quickly.
3. Choose expansion functions that are localized to different points in space (“finite
elements”) so that the matrix ends up sparse and can be calculated much more quickly.

- Consider the Poisson equation in two dimensions valid in a region bounded by known
Dirichlet boundary conditions:

V’y=—g where g=p/¢,

- Bring everything to the same side:

Vy+g=0

- Multiply everything by the test function so that we have it there to work with:

q)ivzw"'q)ig:o

-1/2



- Integrate this equation over the entire surface region S so that we have something that looks
like Green's first identity:

J [0, V> 9+9,g]da=0

- Green's first identity for two-dimensions is:
0
[ @V2p+Vo-Vylda=F o Lar

- We are assuming Dirichlet boundary conditions so that the derivative of the potential along the
boundary (Neumann boundary conditions) can be set to zero making the right side of this
equation go away.

[0V w+Vo-Vy)da=0
fS(l) Vzwda:—fs Vo¢-Vyda

- Apply this to the Poisson equation to obtain:
fS [_v¢i'vw+¢ig]da:0

fS Vq),-'vwda:fs ¢, gda

- Now expand the electric potential into a sum of these expansion functions weighted by
unknown coefficients 4;:

V=2 4,0,

- Note that the index j represents the set of functions spanning both x and y dimensions.
- Apply this to the Poisson equation:

fS V(I),-‘V[; qu)j]dazfsq)l_g da

Z AjUSVQ),--VQ)]—da]:fS ¢, gda

- At this point, the factor in square brackets depends only on our choice of expansion functions.
- If we choose a simple set of expansion functions, we can analytically precalculate the factors
in the bracket and then just treat them as numbers computationally.

- The key to this approach is that we choose expansion functions that are only non-zero in a
small finite region, so that the surface integral over these functions reduces to an integral over a
small region. If this region is small enough, the source g is assumed to be constant across this
region and can come out of the integral:



Z AJUqu)i'V (I)jda]zgi J'S $,da

- Here g; is the charge density at the location in space where function ¢, is non-zero.
- The right-hand side is just a set of numbers that can be calculate beforehand so that the
problem has been reduced to a linear algebra problem where 4, are the unknowns.

; K;4;=G, where K@j=J‘S Vo,V o¢,da and Gl:gl-fs b, da
- In matrix notation this becomes:

KA=G
- The solution is:

A=K"'G

- The core computational task of solving the Poisson equation has been reduced to finding the
inverse of a matrix, which computers can do very efficiently.

- Note that the potential is known along the boundaries and this must be included as well.

- The Finite Element method is therefore summarized as follows:

1. The human chooses a set of localized expansion functions ¢;

2. The human analytically calculates all K ij:fS Vo,-Vo ;da and fS 9,da

3. The computer finds the inverse K

4. The computer calculates all G,= gifs ¢, da

5. The computer calculates A=K ' G

6. The computer calculates the final solution to the electric potential Y= Z A9,
j



